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Fig. 3 Radial variation of total pressure P at L/L0 = 0.43.
To make these curves comparable to those in Fig. 2, the
propeller support was placed in the chamber in order to
produce comparable obstruction to flow. The curve
marked "no obstruction" shows that the pressure dis-

tribution remained similar without obstruction.

The flow direction was measured by means of a hinged
flag. By orienting the hinge axis in two mutually perpen-
dicular directions (e.g., parallel and perpendicular to the
chamber axis) and observing the flag positions, it was pos-
sible to determine the flow direction as the intersection of the
two flag planes, except for some corrections that must be
applied to account for the effect of radial pressure gradients
in the flow field. At the walls, the flow directions were
determined from the streaking marks.

The total pressure was measured by means of a pitot tube
in the conventional manner.

The flow data obtained this way were checked against the
mass rate of flow, which was also measured. The agreement
was satisfactory.

Results and Discussion
Figures 2 and 3 show typical results of the rotational

speed and total pressure measurements, respectively. In
Fig. 2, the qualitative agreement of the ¥$ vs D/D0 curve
with similar curves computed for the vortex tube, by Suzuki,2
for example, is evident. The main result, however, was
that the flow profile elsewhere in the chamber (except in
the boundary layers near the solid walls) remained essentially
the same as in these figures. This result was not altered by
shortening the chamber length by a factor of three or by
stopping one of the central holes in the end plate. Thus, in
the range of variables investigated here, the flow field in the
interior of the chamber had the characteristics of a strong
two-dimensional vortex superimposed on a weak sink at the
center. No important secondary flow3 was observed. Of
special interest was the falling pressure toward the chamber
axis (Fig. 3) and the accompanying radial flow inward along
the entire axis. It is conjectured that these features have a
strong stabilizing influence on the arc column along the axis
when such a chamber is used as a plasma jet generator.
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Pressure Variation in a Tank
Undergoing an Acceleration
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Nomenclature
a = speed of sound
L = length
p = pressure
t ~ time
u = magnitude of flow velocity

= distance
a = acceleration
7 = ratio of specific heats
r = nondimensional time

Subscript
0 — initial conditions

Introduction

IN a recent technical note by Ehlers,1 a solution was pre-
sented for the linearized equations of motion for the one-

dimensional homentropic flow of a perfect gas in a cylindrical
vessel of uniform cross-sectional area undergoing a unit con-
stant acceleration in the direction of the major axis of the
vessel. However, it is not necessary to linearize the equa-
tions of motion in order to obtain the pressure distribution
in the vessel as a function of time, but a numerical or graphical
technique based on the method of characteristics can be
readily used. This note outlines the graphical technique
that was used to obtain the pressure variation in the vessel as
a function of time for two acceleration rates that are constant
with time. From the pressure-time results obtained from
the method of characteristics, an estimate can be made as to
the maximum nondimensional acceleration for which the
linearized approach can be used to approximate the pressure
distribution in the vessel.

Theory
The four quasilinear equations of motion are the continuity

equation (1), momentum equation (2), and Eqs. (3) and (4),
relating the independent variables x and t and dependent
variables a and u with four unknown partial derivatives3-4:
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Fig. 1 Graphical technique: a) physical plane, h) state
plane.

Applying Cramer's rule to the foregoing set of equations, the
unknown partial derivatives du/dt, du/dx, da/dt, and da/dx
will be the ratio of two determinants:

du
dt

Ki
N

du K,
N

da da
N

K*w
A characteristic line is defined as a line in space on which the
derivatives of the flow properties are indeterminant and thus
may undergo a discontinuity. The derivatives only can be
indeterminant if the determinants Ni, Ki, K%j Ks, and K±
are set identically equal to zero:

N -

and, expanding,
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(5)
The curve in the x-t plane for which dx/dt = u + a is denoted
as a C+ physical characteristic and similarly dx/dt = u — a
as a C~ physical characteristic. Setting the determinant Ki
equal to zero,
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and expanding,
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The plus sign corresponds to the determinant being evalu-
ated along a C+ characteristic and the minus sign along a C~
physical characteristic. Equation (6) is a compatibility
equation relating the flow properties u and a along a physical
characteristic. Evaluating the determinants K^ K^ and K±
will produce redundant information. To simplify the graphi-
cal technique, Eqs. (5) and (6) are rewritten in de Haller2

nondimensional notation:

d(x/L)
dr

_ _ _
a0 a0

(7)

dr
La

(8)

where r = a^t/L.
Equations (7) and (8) represent the starting point of the

graphical solutions. To illustrate the graphical method of
obtaining a solution, assume that two points, 1 and 2, are
known in the x-t plane, commonly referred to as the physical
plane, and their corresponding position is fixed in the a-u
plane, referred to as the state plane (see Fig. 1). Point 3, the
point that we are trying to find, lies on the intersection of the
C+ and C~ characteristics. The first estimate of point 3 in
the physical plane, point 3', is fixed by the intersection of the

a) Physical plane

a

Fig. 2 Graphical solution for a unit constant iiondimen-
sionalized acceleration.
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undergoing an arbitrary acceleration as a function of time in
the direction of the major axis of the vessel can be obtained
through the application of a graphical or numerical tech-
nique based on the method of characteristics. A comparison
of the pressure-time curves for the system undergoing a
unit constant acceleration indicates that the results based on
linearizing the equations of motion1 will be in close agreement
with those based on the method of characteristics for a nondi-
mensionalized acceleration, La/ao2, less than 0.1.
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slopes of the C+ and C~ characteristics evaluated at points 1
and 2, respectively. The values of r^' and TU' are read
directly from the physical plane (Fig. la). If we denote

\LLQy — 1 ao &o
their graphic representations are straight lines in the state
plane (Fig. Ib). Hence, Eq. (8) represents the change in
the variables P and Q with respect to time; thus,

ATI 3 = Pi + (La/a0
2) I avAri3

Since the value of La/an2 is fixed, the first estimates of P3 —
Pi = A+ and Q3 — Q2 = A- can be made and point 3' fixed
in the state plane. A new estimate of point 3 is made in the
physical plane, point 3", and the iteration process continued
until the values converge on point 3. The boundary condi-
tion that must be satisfied during the construction of the
solution in the state and physical is that the gas velocity at
both ends of the vessel must be zero.

The advantage of the graphical approach is that problems
with very difficult boundary conditions can be solved with
the same ease as the examples presented, whereas it may be
very difficult if not impossible to obtain the inverse transform
for the linearized equations of motion and apply the boundary
conditions.

Two solutions have been carried out for a unit constant
nondimensionalized acceleration, La/aQ

2, of 1 and 0.1 for a
comparison with the linearized approach. The state and
physical planes are only shown for the larger value of accel-
eration (Fig. 2). From the isentropic relationship of pressure
vs speed of sound, the pressure variation at each end of the
vessel is plotted in Fig. 3.

Analysis of Results

From Fig. 3, it is clearly seen that the pressure deviates
significantly from the reference or initial value for the largest
nondimensional acceleration. In addition, the pressure
waves do not appear as simple harmonics, as would be ex-
pected from the linearized approach. A shock wave with a
pressure ratio of about 2.4 is formed inside the vessel. At
the lower acceleration rate, the deviations are much smaller;
however, a definite shift of pressure vs time curve due to the
nonlinearity of the equations of motion is still noticeable.

Conclusion

The pressure-time history due to the motion of a perfect
gas in a cylindrical vessel of uniform cross-sectional area
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STATIC and dynamic stability derivatives determined
from oscillatory experiments in wind tunnels often display

significant effects of reduced frequency. Although it is
common practice to present such effects in graphical form, it
is suggested here that often it may be preferable to use an
analytical presentation, involving second- and third-order
derivatives. The analysis of the equation of motion for a
single-degree-of-freedom oscillatory system is presented here
with emphasis on the effect of these additional derivatives
in the general case of amplitude that varies with time.
This new approach is illustrated with some examples, based
on a recent wind-tunnel investigation of sweptback wings at
supersonic speeds.

Equation of Motion

The following expressions are given in terms of variables
and coefficients applicable to an oscillatory motion in pitch
but, of course, can be adapted for any single-degree-of-
freedom oscillation. The equation of motion for such a
system can be written as

10 + 70 + KB = M (1)

where / is moment of inertia, 7 is mechanical damping co-
efficient, K is mechanical stiffness coefficient, and 6, 0, and
8 are the angle of oscillation in pitch around a fixed axisf
and its first and second derivatives with respect to time,
respectively. M is the aerodynamic pitching moment, which,
in turn, can be expressed in terms of successive time deriva-
tives of the angle of oscillation, viz.,

M = Me6 + Me6 + MJ + Mrf + . . . (2)
where 6 is the third time derivative of the angle of oscillation,
and M0, Me, Ma, and M-a are the successive pitching moment
derivatives.!
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